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Abstract-A systematic mathematical derivation of the origin of the sunspots, the syn- 
chronizing between the occurrence of sunspots and the energy generation of the sun, and 
the characteristic of Maunder’s butterfly diagram are obtained. 
1. INTRODUCTION 
Since the Sun is an average star and close enough to be observed on its details, a physical 
model of it for mathematical analysis is described in Sec. 2. The equation governing the 
energy propagation is explained. The energy generation within the Sun’s interior is examined. 
The correctness of the physical conclusions based on the mathematical solution provides a 
justification for this physical model for the Sun. 
The mathematical equation is solved analytically in Sec. 3. Since the sunspots are most 
fundamental characteristic of all solar activities and hold the key to understanding of the 
Sun’s physical phenomena, the physical interpretations of the mathematical solution are 
centered around the sunspots. 
The origin of sunspots on the equator and around _+43” latitude are explained from the 
mathematical solution in Sec. 4. The synchronizing between the occurrence of sunspots and 
the energy generation of the Sun is concluded in Sec. 5. The early appearance and 
disappearance of the sunspots around +43” latitude at the beginning of the solar cycle and 
later appearance of the sunspots around the equator are explained from the propagating 
speed of the energy form the Sun’s interior to its surface in Sec. 6. 
2. PHYSICAL MODEL 
It is very certain that the energy of the Sun comes from fusion of hydrogen, and the fusion 
occurs in the deep interior of the Sun. How is the energy generated within the interior 
propagated to the surface? There are three major ways that the generated energy is 
propagated to the surface from the Sun’s interior. They are radiation, convection, and 
conduction. 
In the case of conduction, the energy is transported to the matter right in the next higher 
layer in the radial direction and raises its temperature. 
In the case of radiation, the energy is carried away by high energy particles, photons and 
electromagnetic waves. Because there is quite a distance from the interior to the surface and 
there are quite a lot of matters in between the interior and the surface, the radiation will be 
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absorbed by matters in higher layer in the radial direction and the temperature there will be 
raised. The radiation and other forms of energy propagation are repeated itself again in this 
higher layer. It should take many of these absorption and radiation layers before the energy 
reaches the surface. 
In the case of convection, the energy is carried away by the matter itself. After it moves 
some distance up in the radial direction, its energy is transported to the matters in the higher 
layer and raises the temperature. The convection is repeated itself again in this higher layer. 
Because of the high density in the interior and the enormous length of the Sun’s radius, it 
should take many of these convection layers before the energy reaches the surface. 
The distance between the layers of conduction described above is naturally shorter than 
the distance between the layers of radiation and convection. But, if the unit distance is chosen 
much larger than the distance between the layers of radiation and convection, then the 
equation governing the energy propagation from the Sun’s interior to its surface is the energy 
transport equation with heat sink: 
aF 
- =lP-g, at 
where f is the temperature distribution, and g is the heat sink. 
The heat sink corresponds to the energy other than heat stored in the medium as the heat 
propagates to the surface. The higher the temperature, the more energy is stored. The further 
away from the heat source, the more energy is stored. Also taking symmetry into 
consideration, it is concluded that 
where z is a constant. Therefore, the equation governing the energy propagation from the 
Sun’s interior to its surface is 
(1) 
provided the unit distance is chosen to be very large. It is known that the temperature required 
for fusion of hydrogen in the interior of the Sun (200 x lo6 “K) is ten times higher than the 
mean temperature in the interior of the Sun (20 x 10’“K). The familiar quantum theory 
argument employed is that although the mean temperature is low, the tail part of the 
temperature distribution will reach the required temperature. Come to think of it, 
180 x I O6 “K is a very long tail to reach. This dilemma can be resolved if the rotation of the 
sun is taken into consideration. From the dynamics of the differential rotating sphere [l, 21, 
there are some higher compressed bands in the sphere. This increasing in density on the 
compressed bands in the interior of the sun can account for the higher density and higher 
temperature needed for fusion of hydrogen in the interior of the Sun. This is reflected in the 
temperature distribution as follows: If the energy production occurs within r, at t,,, then 
I To; elsewhere 
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where 4 = the longitude angle; 8 = the colatitude angle; T,, T,, T2, and 6 are constants. The 
exact expression for F(rO, Cp, 8, tO) is not very important, but its symmetry on 9 and not on 
4 is important so far as the qualitative analysis in the following sections is concerned. 
3. MATHEMATICAL SOLUTION 
Setting F(r, 4,0, t) = T(r, $,13)F(t) in Eq. (l), we obtain 
1dF 1 -- = 
F dt 
K~V~T--W-~=C,, 
where C, is a constant. This gives 
dF 
dt - C,F = 0 
uV2T - zr2T = CIT. 
(3) 
(4) 
The solution for Eq. (3) is 
F(t) = eclr. (5) 
Equation (4) in spherical coordinate is 
Setting T(r, 0,cf~) = R(r)Y(B, 4) in Eq. (6), we obtain 
~$(r2$)-(~r2+~+~)R=0 
i a ay 
( > 
i av ~_ 
sine ae sinOz +=@= -C,Y, 
(6) 
(7) 
(8) 
where C, is a constant. The solution of Eq. (8) is the well-known spherical harmonics with 
real components [3]: 
Y = y;“(e, $), (9) 
where C, = I(/ + l), m = -1, -1 + 1 . . . . 1. Equation (7) becomes 
Setting R = e-(A)‘*12S(r) in Eq. (lo), we obtain 
I(1 + 1) 
S’(r)+(!-Z$r)S’+( -Y--T)s=O, (11) 
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Equation (11) is solved by power series method. Setting 
S = 2 bkrk, 
k=n 
we obtain 
n=l; b,#O; b,+,=O; 
b 
2k :+a J 
k+2 = (k + 2 _ [)(k + 3 + /) hi k = 1, l + 1 
(12) 
(13) 
(14) 
S(r) = f bkrk. 
k=l 
(15) 
In order to obtain a bounded solution for R(r) as r goes to infinity, we must require [3, p. 
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a=--% ’ J K, n =f,l+ 1. (16) 
Substituting into Eq. (12), we obtain 
c, = -(2n + 3)fi. (17) 
Collecting Eqs. (5), (9), and (15), we obtain the solution for Eq. (1) as follows: 
F(r, 0, 4, f) = 2 t f Anm,e-J;;(2n+3)’ e-(fi)'2'2Sn(r)YT(B, #). 
I=Om=-/?I=/ 
An approximation for T(r, 8, 4, t) is 
(19) 
where S, is a nonzero constant depending on 1. Satisfying the initial condition (2), we obtain 
the expression for the coefficients: 
S,B,,,, = eficzr+ 3)to+(fi)r2d2 ” 
s 5 
X F(ro, 0, 4, to) Y;l(e, 4) sine de d&. (20) 
b=O 8=0 
4. THE ORIGIN OF SUNSPOTS 
Sunspot pores are small, long lived, dark regions in the granulation pattern showing no 
structure. Large sunspot pores develop into sunspots which have embrae and penumbrae 
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structures. The origin of the sunspot pores is explained through the mathematical solution 
obtained in the last section. 
The temperature on the Sun’s surface is approximately given by Eq. (19) with coefficients 
given by Eq. (20), when the r is equal to the radius of the Sun. If there is energy generation 
within the Sun, Eq. (2) is provided. The contribution to the temperature of the Sun’s surface 
from the first few harmonics will be examined. 
By direct calculation, we obtained B, # 0, B,, = 0 and Bo2 # 0. Since Yi = J$& it 
provides a temperature distribution spherically symmetrical over the Sun’s surface. The 
fl= J3/4n co& gives no temperature contribution. Since fl= J5/16R(3 cos*8 - I), it 
provides a temperature contribution symmetrical with respect o the equator and independent 
of the longitude angle. 
The most interesting temperature distribution comes from Yi which is equal to 
-,,/#& cos+ sine. B y d’ t 1 1 t’ irec ca cu a ion, we see that B,, # 0, if the initial condition (2) is 
provided. The function f(S, 4) = co@ sin0 has maximum at (0,4) = (a/2,0), minimum at 
(0,b) = (n/2, rr), and saddle points at (0, 4) = (0,7r/2), (0,3x/2), (K, n/2), (n, 3x/2). Hence 
the harmonic Yl contributes a temperature distribution having a hot spot and a cold spot 
opposite to each other at the equator. The cold spot corresponds to the sunspot pore occurred 
at close to the equator, and the hot spot corresponds to the bright spot occurred at close to 
the equator. 
By direct calculation, we see B,, # 0. The correspond harmonics is 
Y: = Jm cos+ sin28. The function f(0,4) = cos $ sin20 has maxima at (0,4) = (7r/4,0), 
(37r/4, 0) and minima at (0,4) = (n/4, n), (3n/4,7c). Hence the harmonics Y: contributes a 
temperature distribution having two hot spots and two cold spots at close to f43” latitude. 
The cold spots correspond to sunspots at close to f 43” latitude and the hot spots correspond 
to bright spots at close to +43” latitude. 
The interpretation of temperature contribution from Y;’ and Y;’ is similar to that from 
Y: and Yi, respectively, except hat they are opposite in sign. Similar analysis can be extended 
to higher harmonics. They will provide more sunspot spots and bright spots on the surface 
of the Sun. 
5. THE SOLAR CYCLE 
If there is no energy generation within the Sun at certain time, then the initial condition 
(2) is not provided, although there is still a spherical symmetric residue heat in the interior. 
Under this situation, we see that B,,,, = 0 for all m and 1 except B, by direct calculation. This 
means that there are no cold spots or hot spots on the Sun’s surface. In another words, 
sunspots occur when there is energy generation in the Sun’s interior. Hence there is a 
synchronizing between the occurrence of sunspots and the higher energy output from the Sun, 
which agrees with the observation that the three rings are larger when the sunspot number 
is higher. From Eq. (17) we see that 
C,=-(2n+3)&; n=I,l+l... 
in order for the solution to be bounded as r goes to infinite. Hence, C, can never be equal 
to zero, since n is an integer. This means that there is no steady state solution as seen from 
Eq. (5). This implies that the energy generation of the sun must be in an on/off state, and 
is synchronizing with the occurrence of sunspots. 
6. THE MAUNDER’S BUTTERFLY DIAGRAM 
The propagating speeds along r of the harmonics Yt and Y: are examined. From Eq. (I 9), 
we see that the term with Y: is 
and the term with Yl is 
Differentiating the coefficients of Y: and Yi with respect to 
solving for dr/dt, we obtain 
t and setting it to zero, then 
I I 
2 for Yi 
dr (21+ 3)~ = r -= 
dt r 
7K for Y: 
r 
We see that the propagating speed along r for Y: is larger than that for Y:. Also we see that 
the decaying factor for Y:(e-7fir) is larger than that for Yi(e-‘A’). Hence we observe the 
earlier occurrence and faster decaying of sunspots at close to f43” latitude, and later 
occurrence and longer lasting of sunspots at the equator. 
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